Abstract-Generating synthetic network graphs that capture key topological and electrical characteristics of real-world electric power systems is important in aiding widespread and accurate analysis of these systems. Classical statistical models of graphs, such as small-world networks or Erdős-Renyi graphs, are unable to generate synthetic graphs that accurately represent the topology of real electric power networks-they do not appropriately capture the highly dense local connectivity and clustering as well as sparse long-haul links observed in electric network graphs. This paper presents a model that parametrizes these unique topological properties of electrical power networks and introduces a new Cluster-and-Connect algorithm to generate synthetic networks using these parameters. Using a uniform set of metrics proposed in the literature, the accuracy of the proposed model is evaluated by comparing the synthetic models generated for specific real electric network graphs.
I. INTRODUCTION
Understanding the graphical structure of the electric power system is important in assessing reliability, robustness, and the risk of failure of operations of this critical infrastructure network. Statistical graph models of complex networks yield much insight into the underlying processes that are supported by the network. Such generative graph models are also capable of generating synthetic graphs representative of the real network. This is particularly important since the smaller number of traditionally available test systems, such as the IEEE bus systems, have been largely deemed to be insufficient for supporting large simulation studies and commercial-grade algorithm development.
Motivated by this, we investigate gaps in existing statistical generative models of electric power network, and propose the Cluster-and-Connect model that supports generation of synthetic power network graphs. We are also motivated by the fact that electric power networks are owned in part by different regional transmission networks, making it unrealistic to assume that these competing entities will share their exact regional topologies. However, competing entities might be more willing to share synthetic graphs. Consequently, accurate generative statistical models might help to create a more realistic composite picture of the entire power grid network.
Electric power networks involving a collection of buses (nodes) connected by branches (edges) naturally lend themselves to be modeled as graphs. In fact, we note that a largescale power network is naturally partitioned into smaller sub-networks (clusters) because of geographical distribution, administrative, and/or political factors (such as states in the United States). However, energy sources are not uniformly distributed geographically; this in turn translates to the presence of specific long-haul energy transport connections between clusters. Taken together, electric power networks are seen to exhibit topologies where local connections are highly dense and long-range connections are relatively sparser.
Graph theory literature is rich with formal models for network graphs. Two commonly used models are Erdős-Rényi random graph model [1] and Small-world model introduced by Watts and Strogatz [2] . It has been noted by Wang et al. [3] as well as Hines et al. [4] that neither the Erdős-Rényi random graph model [1] nor the small-world model [2] is suitable for modeling power network graphs. This is because unlike these two models, power network graphs are much sparser than what is possible with these two models [3] .
Wang et al. propose an RT (Randomized Topology)-nestedsmallworld model [2] models this as a locally small-world network with random long-haul connections. Visualizing the network nodes on a ring lattice, their model (i) creates equalsized sub-networks (clusters) along the ring by connecting nodes within a threshold distance of each other and rewires a small number of intra-cluster links randomly; and (ii) connect several nodes in neighboring sub-networks at random as inter-cluster links.
This model has two limitations: (a) in practice, clusters in electric networks are not uniform in size and connectivity density; and (b) inter-cluster connectivity cannot be accurately modeled by random connections since these represent long-haul connections which, as mentioned before, occur between groups of nodes in both clusters. A good generative model for electric network graphs should capture both the topological and electrical properties of the graph. In this paper, we focus on capturing the topological properties. In particular, we address the two limitations described above by determining clusters (and, consequently, non-uniform cluster sizes) from the original electric network, and by explicitly incorporating empirical inter-and intra-cluster degree distributions in our model. Our contributions are two-fold:
• We propose the Cluster-and-Connect model that determines clusters for a given network graph using a novel clustering algorithm. Our generative model is then parametrized by number of clusters, number of nodes per cluster, as well as inter-and intra-cluster degree distributions. The final synthetic graph is obtained using a graph-creation algorithm developed at MIT [5] to generate inter-and intra-cluster linkages between nodes using the degree distribution parameters.
• Second, using a standard set of metrics proposed in the literature [4] , we exhaustively evaluate the synthetic graphs that our model generates, and compare them to the graphs generated from Wang et al.'s RT-nestedsmallworld model [3] and the given network graph. We advocate wide use of such standardized metrics to consistently evaluate and compare models of electric power networks. We demonstrate that our model captures topological characteristics of the power network such as highly dense local connectivity and clustering of nodes that connect (sparsely) to distant nodes. We illustrate our results by generating synthetic networks for the New York Independent System Operator (NYISO) system and visualize topologies using the Kirk circle [6] .
A. Related work
Hines et al. in [4] , [7] provide a set of metrics to evaluate graph structures. They also introduce the use of electrical distance between any two nodes as an electrical parameter to generate a synthetic electric network graphs. The authors create a matrix based on the proposed electrical distance and represent such electrical distances as an unweighted graph. However, their model suffers from the limitation that the resulting synthetic graph has a large number of isolated nodes, i.e. nodes that are not connected to any other nodes in the network. Models to partition electric network graphs for specific applications such as power flow has been the focus of [8] - [10] . However, these methods focus on partitioning the electric network graph for a specific application and not to generate a synthetic graph which can be useful for multiple applications. It is this latter that we focus on in this paper.
II. SYSTEM MODEL
We abstract the electrical network by a graph; analogous to Wang et al. [3] we use the Kirk circle [6] to visualize the graph. Both aspects of our model are described below. A) Graph model for electrical networks: An electrical network can be represented by an undirected graph G(V,E) where V, the node set of the graph, consists of N nodes and E, the edge set of m edges or links. Formally, an electric network graph consists of buses (the set V of nodes of G) that are connected by (transmission or distribution) lines (the set E of edges of G). A bus is either an injection or a noninjection bus, where injection implies the existence of either a generator (power source) and/or a load (power sink) at the bus.
For an electrical network with N nodes and m links, the number of edges connected to any node i, i = 1, . . . , N, is defined as the nodal degree k i of that node. The distance matrix D and the Laplacian matrix L are two other graph properties that will be used in this paper to define features of an electrical network graph.
For a graph G , let d ij denotes the shortest path-length from node i to node j, i.e., d ij is the minimum number of edges connecting node i to node j. The distance matrix D is then defined as
If there exists no path from node i to node j,
The Laplacian matrix L records edge connectivity in its off-diagonal elements and nodal degrees in its diagonal elements. The definition of the Laplacian matrix L is
Finally, the connectivity of nodes in a graph is captured by an N × N adjacency matrix M with non-zero unit entries M ij if and only if node i is connected to node j. B) Kirk circle for topology: The Kirk circle [6] is a tool to visualize graph topologies used in [3] to compare different graph models for electric power networks and is similar to the circular layout graph drawing algorithm. In general, nodes (buses) in an electrical network are numbered with neighboring nodes assigned consecutive or closely proximal numbers. This allows one to sequentially map these nodes in increasing order of their numerical labels to evenly spread points on a circle. The edge connections (branches) between nodes are indicated by straight lines (chords) between the appropriate points on the circle. In electrical networks, proximal and closely connected nodes indicate either geographical proximity or dependence on specific subsets of generators.
Figures. 1a-1b show two representative network topologies, using Kirk circle graphs, of the NYISO and the Western Electricity Coordinating Council (WECC) systems respectively. Irrespective of size, both networks reveal a pattern of multiple clusters (identified with the algorithms detailed in Section IV) with dense intra-connections and relatively sparser connections between clusters. 
III. EVALUATION METRICS
The topological properties of a graph can be quantified by a set of measures that capture connectivity and distance properties between nodes formally. These measures, including maximum degree, average degree, clustering coefficient, and related quantities, are presented in the context of electrical network graphs by Cotilla-Sanchez et al. in [4] . Analogous to [4] , we define and identify the following measures that we will apply to evaluate graph generation models below. Recall that N is the number of nodes and m is the number of edges in total respectively.
• Maximum degree k max : the maximal nodal degree among all the nodes, k max = max i k i , i = 1, ..., N.
• Average degree k avg : the mean of the nodal degrees for all the nodes is
is the maximal shortest path length in the network, i.e., for
• The characteristic path length L char : the mean of all shortest path lengths traversing from one node to the other, i.e.,
• The clustering coefficient C of a graph G is the average value of the node clustering coefficient c i over all nodes i = 1, 2, ..., N , that quantifies the extent to which nodes in a graph tend to locate nearby and connect to each other given by C = N i=1 c i /N , where c i denotes the fraction of the actual existing links ϕ(i) among the nodes connected to node i over all the possible links (complete graph) that can exist among these nodes as,
• Assortativity r: quantifies the extent to which nodes connect to nodes with similar degrees. Formally, it is the correlation in degree for the nodes on opposite ends of each link
, where a i and b i are the degrees of endpoints of link i.
• Algebraic connectivity λ 2 (L) [11] : is the second smallest eigenvalue of the Laplacian matrix L reflecting how well a network is connected. If the λ 2 (L) is close to 0, the network is close to being disconnected; if λ 2 (L)/N is close to 1, the network is close to being fully connected.
IV. CLUSTER-AND-CONNECT MODEL
We describe our Cluster-and-Connect (C-and-C) model as a sequence of five algorithms. As the first step to describing our algorithms, we formally define two quantities used in clustering and list all parameters of the network that we identify. Recall that edges in the graph are represented by chords in the Kirk circles. Definition 1. The chord density profile is obtained by sweeping the Kirk circle of an arbitrary radius, R, in angular steps of one degree, such that at every (360/N )
• , the chord density is the ratio of the number of chords intersecting the radius to the total number of chords.
Definition 2.
A cluster is a slice (arc) of the Kirk circle whose boundary points are those at which the chord density profile has local minima satisfying a certain threshold γ.
We identify the following four parameters to generate synthetic electric network graphs.
1) Number of clusters (n c ) 2) Number of nodes in each cluster ( Fig. 2 presents a flowchart of our algorithmic approach to generate a synthetic graph from a given graph. The two broad steps are: (i) determine clusters; and (ii) generate the synthetic graph. Once the clusters are identified, the synthetic graph is generated in three steps: (i) generating intra-cluster connections; (ii) generating inter-cluster connections; and (iii) eliminating isolated nodes.
We use inter-and intra-cluster degree distributions, p i and q ij , respectively, to generate a synthetic graph. Degree distributions can be generated using either statistical models (e.g., [3] ) or by determining the empirical distribution from the real graphs and then sampling from them. In this paper, we use the latter approach. For comparisons, we also use the original graph's parameters directly. To this end, we introduce a sampling flag F S to indicate whether the original or sampled degree sequences will be used in the generating algorithms. Finally, we note that the inputs n c and the N i 's to Algorithms 3-5 are obtained from Algorithm 1. We now briefly describe Algorithms 1-5.
A. Cluster Identification
Our clustering algorithm captures the graphical observation that there appears to be boundary points on the Kirk circle (e.g., see points A, B, C, D, E and F in Figs. 1a and 1b) such that nodes within these boundary points are more densely connected amongst themselves than to those outside. We seek to detect these boundary points, and thereby, identify clusters. While some nodes on the Kirk Circle may be well connected to relatively distant (on the circle) nodes (e.g. nodes in clusters 5 and 6 in Fig. 1a) , we use the fact that consecutively numbered nodes are physically adjacent to determine the clusters they belong to. As a first step to determining cluster boundaries, we eliminate the inter-cluster connections in Algorithm 1. To this end, we introduce an inner circle of radius r = αR where α is defined as a fraction of the Kirk circle radius, such that all chords that cross the inner circle do not contribute to the chord density count. The parameter α determines the maximal angle that a chord subtends at the center of the circle, and a smaller α allows us to include larger angles and vice versa. The subplots 3a and 3b in Fig. 3 show the corresponding smoothed chord density profiles for the NYISO and WECC data, respectively.
Note that there are a number of local minima and maxima in subplots 3a and 3b in Fig. 3 . To identify clusters of sufficient size (and acknowledge the fact that within a cluster a subset of nodes may be more connected than others), we use a threshold parameter γ to determine the cluster boundaries, and therefore, the total number of clusters. Without loss of generality, we assume we begin at a minimum. Then, at the k th local minimum, we compute two ratios: one using the immediate maximum to the left of this minimum
and the other using the immediate maximum to its right
If any of the two ratios is larger than γ, the local minimum is determined to be a boundary point. Thus, the choice of γ determines the number of clusters n c and the corresponding cluster sizes N i . Finally, if any isolated node does not connect to any other neighboring within the same cluster that means its nodal degree is zero, it will move to the immediately connecting node in another cluster.
Algorithm 1 Identifying Clusters
Inputs: α, γ, and the Laplacian matrix L for a given graph G. Outputs: n c , N i for all i = 1, ..., n c . 1) Draw a Kirk circle with an arbitrary radius R based on L for a given graph G. 2) Draw an inner circle with a radius r = αR. Ignore links that pass through the inner circle. 3) Sweep the Kirk circle in steps of (360/N )
• from the first node in a counter-clock fashion. Keep count of the number of chords that intersect the sweeping radius as a vector S chord . 4) Fit a curve S fit for the points in S chord . 5) Find local maxima E max [1 :
with its two adjacent maxima. 7) Set first boundary node
as a boundary node. 8) Obtain the set of boundary nodes BN [1 : n c ].
B. Isolated Node Relocation within Clusters
After determining the clusters, some isolated nodes may exist within each cluster since they only have inter-cluster connections and those connections are ignored in Algorithm 1. To ensure that every node within a cluster has at least one intra-cluster connection with another node in the same cluster, we use Algorithm 2 to relocate isolated nodes with the guarantee that every node within a cluster has at least one intra-cluster connection.
Algorithm 2 Relocating Isolated Nodes within Clusters
Inputs: Distance matrix D, boundary nodes BN . Outputs: n c , N i , p i , q ij for all i, j = 1, ..., n c , i = j. 
C. Generating synthetic graphs
Using the clusters identified above, Algorithms 3 and 4 generate inter-and intra-cluster linkages, respectively. To do so, we use the software package MIT Matlab tools for network analysis offered by the Strategic Engineering Research Group of MIT [5] . In particular, we use the program graph_from_degree_sequence.m which does the following: it orders the input degree sequence in descending order and connects nodes with the highest adjacent degrees iteratively until all degrees are assigned. It is worth noting that the graph obtained using the deterministic MIT algorithm [5] will in general be different from the original graph.
The detailed steps of Algorithms 3 and 4 are listed below. Finally, unlike an actual electric network graph, a synthetic graph generated from degree distributions may have isolated nodes or isolated sub-clusters (i.e., a group of nodes whose distance matrix entries relative to each other are non-infinite but no node in the group has finite distance relative to any node outside this group). After generating intra-and intercluster connections, Algorithm 5 checks for isolated nodes or sub-clusters using the distance matrix D and resolves them by rewiring or adding links.
V. SIMULATION RESULTS
In this section, we empirically examine the accuracy of synthetic graphs generated by using our Cluster-and-Connect N j ] with reordered node index Ind ji [1 :
Step 3-6 for k = 2, ..., N i . 8) Repeat Steps 1-7 for j = i + 2, ...., n c , j = i. 9) Repeat Steps 1-8 for i = 2, ..., n c .
(C-and-C) model for the NYISO system and the WECC system. The NYISO network represents networks that have sparse inter-cluster connections while the WECC network represents networks that have relatively more inter-cluster connections. We use metrics introduced in Section III and also compare the accuracy of the Cluster-and-Connect model to the RT-nested-smallworld model [12] .
A. The NYISO system
For the NYISO network, we use the Cluster-and-Connect algorithm to generate two synthetic graphs: (i) with sampled N Y,2 shares the same degree distribution as the original graph. However, as mentioned earlier, the intra-and inter-connections of SG (6) N Y,2 are different from the original graph as a result of using the MIT Toolbox [5] in Algorithms 3 and 4 (see Fig. 2 ). We also use Wang et al.'s algorithm [3] to generate a RT-nestedsmallworld graph SG RT SW .
We now compare the original NYISO graph with SG and SG (6) N Y,2 , both visually using the Kirk circle and the metrics introduced in Section III. In Fig. 4 , subplots 4a-4d correspond to the Kirk circle representations of SG N Y,2 generated from Cluster-andConnect model appears to capture the inter-node connections more accurately than the synthetic graph generated from RTnested-smallworld model for the NYISO system. We quantify our evaluation metrics for all four graphs in Table I . Note that, since the process for generating SG (6) N Y,1 is stochastic, we generate a hundred synthetic graphs and report the average of various graph statistics. For SG (6) N Y,2 , there is only one synthetic graph because the degree sequence is deterministic.
We briefly discuss the results in Table I .
• Nodes: Our model keeps the same number of nodes as in the NYISO system. Wang et al.'s model [3] approximates this number because of the uniform size of clusters.
• Links: The number of links in synthetic graphs SG and SG (6) N Y,2 are often larger than those in the original NYISO graph. The additional links are added in Algorithm 5 because of isolated nodes generated in Algorithm 3.
• k max , k avg : In contrast to our model that captures the empirical distributions p i and q ij , thereby preserving k max , we observe that the RT-nested-smallworld model, due to the limited size of each cluster, restricts the maximal degree for any node significantly relative to the original. For all models, we observe that k avg is very close to the original value; this is so because k avg is dominated by local links. In addition to the k max and k avg , we also compare the degree distributions of the synthetic graphs themselves. Fig. 5 compares the degree distributions of three synthetic networks-SG
N Y,2 and SG RT SW . Since we model the degree distributions explicitly, the Cluster-and-Connect model preserves the degree distribution better than the RT-nested-smallworld model. • d max , L char : We observe that d max and L char of synthetic graphs SG 
N Y,2 generated from our Cluster-and-Connect algorithm are lower compared to the original graph. This is due in part to the limitation of Algorithm 3 in modeling the intra-cluster links; it appears these links are locally dense within clusters which our model does not capture accurately. The restricted neighborhood model of RT-nested-smallworld appears to capture this, however, at the cost of other metrics k max , C and r.
• C: Since we reconnect isolated nodes in Algorithm 5 by adding extra links, the resulting clustering coefficients C of our synthetic graphs SG • r and λ 2 (L): The assortativity r captures the extent to which nodes of similar degrees are connected to each other; the restricted neighborhood model of RT-nestedsmallworld leads to a very small, in fact, negative, r which indicates that connected nodes have largely different degrees. On the other hand, our model captures but overcompensates due to the preferential connectivity of similar degree nodes in Algorithm 3. One observes a similar behavior with λ 2 (L).
B. The WECC system
The WECC network has 4941 nodes (buses) and 6594 edges (branches) and the Cluster-and-Connect algorithm is used again to generate synthetic graphs. From the chord density profile for the WECC system shown in Fig. 3b , we can observe that it has dense local minima at small degrees and very large degrees, which means the WECC system may needs more clusters in synthetic graph generation. To this end, we used two different values for the chord density profile threshold γ to identify 6 clusters and 19 clusters for WECC system. Four synthetic graphs are generated: (i) Synthetic graphs of 6 clusters generated with sampled degree sequences, SG (6) W,1 ; (ii) Synthetic graphs of 6 clusters generated with original degree sequences, SG We observe that our results for the WECC system as illustrated in Table II and Fig. 7 are analogous to the NYISO system; in particular, we note that the a larger number of clusters allows modeling the original system parameters better.
VI. CONCLUDING REMARKS
We have presented a statistical model to generate synthetic power network graphs and comprehensively evaluated our model using associated topological metrics to compare it with RT-nested-smallworld model as well as the original graph. However, there are several aspects that can be refined in future work. This includes refining Algorithm 3 and Algorithm 4 to model the varying density of intra-and intercluster connections respectively, so as to better capture d max , L char , and C. The ultimate goal will be to develop statistical models with fewer parameters that can satisfy a specific set of objectives and also capture electrical properties. (f) the WECC system after isolated nodes relocation (Algo. 2) Fig. 7 . Kirk circles representations of synthetic networks generated from the WECC system using different models.
